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DISCOVERY = DISCUSSION=WRITING

44. Inverse Trigonometric Functions on a Calculator
Most calculators do not have keys for sec™, csc™!, or cot™!,
Prove the following identities, and then use these identities
and a calculator to find sec™ 2, csc™! 3, and cot ™! 4.

sec”lx = COS—1<l> r =1
X
—1 ey
csc” x = sin -1, x=1
X
—1 1
cot™ ' x = tan — I, x>0
X
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| The Law of Sines & The Ambiguous Case

In Section 6.2 we used the trigonometric ratios to solve right triangles. The trigonometric
functions can also be used to solve oblique triangles, that is, triangles with no right an-
gles. To do this, we first study the Law of Sines here and then the Law of Cosines in the
next section. To state these laws (or formulas) more easily, we follow the convention of
labeling the angles of a triangle as A, B, C and the lengths of the corresponding opposite
sides as a, b, ¢, as in Figure 1.

To solve a triangle, we need to know certain information about its sides and angles. To

FIGURE 1

(a) ASA or SAA
FIGURE 2

decide whether we have enough information, it’s often helpful to make a sketch. For in-
stance, if we are given two angles and the included side, then it’s clear that one and only
one triangle can be formed (see Figure 2(a)). Similarly, if two sides and the included an-
gle are known, then a unique triangle is determined (Figure 2(c)). But if we know all three
angles and no sides, we cannot uniquely determine the triangle because many triangles
can have the same three angles. (All these triangles would be similar, of course.) So we
won’t consider this last case.

(b) SSA

(c) SAS (d) SSS

In general, a triangle is determined by three of its six parts (angles and sides) as long as at
least one of these three parts is a side. So the possibilities, illustrated in Figure 2, are as follows.

Case 1 One side and two angles (ASA or SAA)

Case 2 Two sides and the angle opposite one of those sides (SSA)
Case 3 'Two sides and the included angle (SAS)

Case 4 Three sides (SSS)

Cases 1 and 2 are solved by using the Law of Sines; Cases 3 and 4 require the Law of Cosines.

¥ The Law of Sines

The Law of Sines says that in any triangle the lengths of the sides are proportional to the
sines of the corresponding opposite angles.

THE LAW OF SINES
In triangle ABC we have

sinA sinB sinC
a b c
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FIGURE 3

|
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FIGURE 4
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340 mi

Phoenix

PROOF To see why the Law of Sines is true, refer to Figure 3. By the formula in
Section 6.3 the area of triangle ABC is $ab sin C. By the same formula the area of this
triangle is also $ac sin B and §bc sin A. Thus,

. 1 . .
ibcsin A = tacsin B = Lab sin C

Multiplying by 2/(abc) gives the Law of Sines.

EXAMPLE 1 | Tracking a Satellite (ASA)

A satellite orbiting the earth passes directly overhead at observation stations in Phoenix
and Los Angeles, 340 mi apart. At an instant when the satellite is between these two sta-
tions, its angle of elevation is simultaneously observed to be 60° at Phoenix and 75° at
Los Angeles. How far is the satellite from Los Angeles?

SOLUTION We need to find the distance b in Figure 4. Since the sum of the angles in
any triangle is 180°, we see that /. C = 180° — (75° + 60°) = 45° (see Figure 4), so we
have

sinB  sinC

Law of Sines

b ¢
sin 60°  sin 45° bt
= Hubstitule
; 340
= M = 416 Solve for &
sin 45°

The distance of the satellite from Los Angeles is approximately 416 mi.

* _NOW TRY EXERCISES 5 AND 33 ol

EXAMPLE 2 | Solving a Triangle (SAA)
Solve the triangle in Figure 5.

SOLUTION First, /B = 180° — (20° + 25°) = 135°. Since side ¢ is known, to find
side a we use the relation

sinA  sinC

Law of Sines
a c
. 4 sin 20°
a= < .SmA = 804.1sm 0 =~ 65.1 Bolve for o
sin C sin 25°
Similarly, to find b, we use
sinB _ sinC 2w of Sines
b e - FIDPE AU S B R L v
p—C ‘smB _ 80.4. sin 135° 1345 Sotve for b
sin C sin 25°
“ _NOW TRY EXERCISE 13 a

¥ The Ambiguous Case

In Examples 1 and 2 a unique triangle was determined by the information given. This is
always true of Case 1 (ASA or SAA). But in Case 2 (SSA) there may be two triangles,
one triangle, or no triangle with the given properties. For this reason, Case 2 is sometimes



FIGURE 6 The ambiguous case
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called the ambiguous case. To see why this is so, we show in Figure 6 the possibilities
when angle A and sides @ and b are given. In part (a) no solution is possible, since side a
is too short to complete the triangle. In part (b) the solution is a right triangle. In part (c)
two solutions are possible, and in part (d) there is a unique triangle with the given prop-
erties. We illustrate the possibilities of Case 2 in the following examples.

(2) (b)

EXAMPLE 3 | SSA, the One-Solution Case
Solve triangle ABC, where ZA = 45°, a = 7V2, and b = 7.

SOLUTION We first sketch the triangle with the information we have (see Figure 7).
Our sketch is necessarily tentative, since we don’t yet know the other angles. Neverthe-
less, we can now see the possibilities.

We first find £.B.
sinA sinB ‘ -
=— Law of Sines
a b
bsin A 7 1 V2 1
nB=——=——=5sind45°=|—(% )| — | =< Solve for sin B
sSim a 7\/i sin (\/E)( 5 > ) Tor sim

Which angles B have sin B = 3? From the preceding section we know that there are
two such angles smaller than 180° (they are 30° and 150°). Which of these angles is
compatible with what we know about triangle ABC? Since ZA = 45°, we cannot
have /B = 150°, because 45° + 150° > 180°. So /B = 30°, and the remaining angle
is £C = 180° — (30° + 45°) = 105°.

Now we can find side c.

sinB sinC

Law of Sines

b c
bsinC _ 7sin105°  7sin 105° ,
= — = — P | =~ 13.5 Solve for ¢
sin B sin 30 3
© _NOW TRY EXERCISE 19 B

In Example 3 there were two possibilities for angle B, and one of these was not com-
patible with the rest of the information. In general, if sin A < 1, we must check the angle
and its supplement as possibilities, because any angle smaller than 180° can be in the tri-
angle. To decide whether either possibility works, we check to see whether the resulting
sum of the angles exceeds 180°. It can happen, as in Figure 6(c), that both possibilities are
compatible with the given information. In that case, two different triangles are solutions
to the problem.

EXAMPLE 4 | SSA, the Two-Solution Case
Solve triangle ABC if /A = 43.1°, a = 186.2, and b = 248.6.
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Surveying is a method of land measure-
ment used for mapmaking. Surveyors
use a process called triangulation in
which a network of thousands of inter-
locking triangles is created on the area
to be mapped.The process is started by
measuring the length of a baseline be-
tween two surveying stations. Then, with
the use of an instrument called a
theodolite, the angles between these
two stations and a third station are mea-
sured. The Law of Sines is then used to
calculate the two other sides of the tri-
angle formed by the three stations. The
calculated sides are used as baselines;
and the process is repeated over and
over to create a network of triangles. In
this method the only distance measured
is the initial baseline; all other distances
are calculated from the Law of Sines. This
method is practical because it is much
easier to measure angles than distances.

Check base

Baseline

One of the most ambitious mapmak-
ing efforts of all time was the Great
Trigonometric Survey of India (see Prob-
lem 8, page 492) which required several
expeditions and took over a century to
complete.The famous expedition of
1823, led by Sir George Everest, lasted
20 years.Ranging over treacherous ter-
rain and encountering the dreaded
malaria-carrying mosquitoes, this expe-
dition reached the foothills of the Him-
alayas. A later expedition, using triangu-
lation, calculated the height of the
highest peak of the Himalayas to be
29,002 ft.The peak was named in honor
of Sir George Everest.

Today, with the use of satellites, the
height of Mt. Everest is estimated to be
29,028 ft.The very close agreement of
these two estimates shows the great ac-
curacy of the trigonometric method.

Trigonometric Functions: Right Triangle Approach

SOLUTION From the given information we sketch the triangle shown in Figure 8. Note
that side @ may be drawn in two possible positions to complete the triangle. From the Law
of Sines

bsinA  248.6sin43.1°

inB = ~ 0.91225
st 186.2 ?
C
b = 248.6 a = 186.2
a = 186.2
A mmmmmmmm
B, B
FIGURE 8

There are two possible angles B between 0° and 180° such that sin B = 0.91225. Using
a calculator, we find that one of the angles is sin™!(0.91225) =~ 65.8°. The other angle is

approximately 180° — 65.8° = 114.2°. We denote these two angles by B, and B, so that
£B; = 65.8° and LB, = 114.2°

Thus two triangles satisfy the given conditions: triangle A,B,C, and triangle A,B,C,.

Solve triangle A,B,C,:
£, = 180° — (43.1° + 65.8°) = 71.1°

186.2 sin 71.1°
sin 43.1°

Find £,

a sin Cl
Thus cp = ~

== 257.8 L
sin A

Solve triangle A,B,C,:
£Cy = 180° — (43.1° + 114.2°) = 22.7°

aysin C,  186.2 sin 22.7°
sin 43.1°

Thus Cy = =~ 105.2 Law of Sines

sin A,

Triangles A,B,C, and A,B,C, are shown in Figure 9.

Gy

a=186.2

43.1°

A, B,

=~ 257.8

FIGURE 9

@ . NOW TRY EXERCISE 23




FIGURE 10
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The next example presents a situation for which no triangle is compatible with the
given data. '

EXAMPLE 5 \ SSA, the No-Solution Case
Solve triangle ABC, where /A = 42°,a = 70, and b = 122.

SOLUTION To organize the given information, we sketch the diagram in Figure 10.
Let’s try to find ZB. We have

sin A sinB

Law of Sines

a b
, bsinA 122 sin 42° o
sin B = = ~ 1.17 Solve for sin B
a 70

Since the sine of an angle is never greater than 1, we conclude that no triangle satisfies
the conditions given in this problem.

% _NOW TRY EXERCISE 21 L

CONCEPTS

1. In triangle ABC with sides a, b, and ¢ the Law of Sines states 9.

that

2. In which of the following cases can we use the Law of Sines

to solve a triangle?

ASA SSS SAS SSA 11.

9-12 ®m Solve the triangle using the Law of Sines.

SKILLS

3-8 @ Use the Law of Sines to find the indicated side x or angle 6.

13-18 @ Sketch each triangle, and then solve the triangle
using the Law of Sines.

®.13. LA=50°, LB=68°, c=230
14. /A=23°, £B=110°, ¢=50
15. ZA=130° 2C=65, b=10
16. /A =22°, £B=095° a=420
17. £B=29°, 2C=51° b=44
18. zB=10°, 4C=100°, c¢=115
19-28 & Use the Law of Sines to solve for all possible
triangles that satisfy the given conditions.
219, a =28, b=15 LA=110°
20. a =30, ¢=40, LA =37
®21.a=20, c=45 LA=125
22. b =45, ¢=42, LC=38
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®.23. b=25 =30, LB=25
24.a=75 b=100, LA =30°
25. a =50, b=100, LA =50°
26. a =100, b=80, LA=135
27.a=26, c=15 ,C=29°
28.b=73, ¢c=82, /B=58

29. For the triangle shown, find
(a) £BCD and
(b) £DCA.

30. For the triangle
shown, find the
length AD.

—

—
_—125°
B 12 D A

31. In triangle ABC, LA = 40°, a = 15, and b = 20.
(a) Show that there are two triangles, ABC and A’B’C’, that
satisfy these conditions.
(b) Show that the areas of the triangles in part (a) are
proportional to the sines of the angles C and C’, that is,

area of AABC sin C

area of AA’B'C' sin C'

32. Show that, given the three angles A, B, C of a triangle
and one side, say «a, the area of the triangle is

a?sin B sin C
area = ———————
2sin A

APPLICATIONS

©.33. Tracking a Satellite The path of a satellite orbiting the
earth causes it to pass directly over two tracking stations A and
B, which are 50 mi apart. When the satellite is on one side of
the two stations, the angles of elevation at A and B are mea-
sured to be 87.0° and 84.2°, respectively.
(a) How far is the satellite from station A?
(b) How high is the satellite above the ground?

34.

35,

36.

37.

38.

39.

Flight of a Plane A pilot is flying over a straight high-
way. He determines the angles of depression to two mileposts,
5 mi apart, to be 32° and 48°, as shown in the figure.

(a) Find the distance of the plane from point A.

(b) Find the elevation of the plane.

i
N
N
N

ped N
P %
A 5 mi B

Distance Across a River To find the distance across a
river, a surveyor chooses points A and B, which are 200 ft
apart on one side of the river (see the figure). She then chooses
a reference point C on the opposite side of the river and finds
that ZBAC = 82° and LABC = 52°, Approximate the distance
from A to C.

Distance Across a Lake Points A and B are separated
by a lake. To find the distance between them, a surveyor
locates a point C on land such that £ CAB = 48.6°. He also
measures CA as 312 ft and CB as 527 {t. Find the distance be-
tween A and B.

The Leaning Tower of Pisa The bell tower of the cathe-
dral in Pisa, Italy, leans 5.6° from the vertical. A tourist stands
105 m from its base, with the tower leaning directly toward
her. She measures the angle of elevation to the top of the tower
to be 29.2°. Find the length of the tower to the nearest meter.

Radio Antenna A short-wave radio antenna is supported
by two guy wires, 165 ft and 180 ft long. Each wire is at-
tached to the top of the antenna and anchored to the ground, at
two anchor points on opposite sides of the antenna. The
shorter wire makes an angle of 67° with the ground. How far
apart are the anchor points?

Height of a Tree A tree on a hillside casts a shadow
215 ft down the hill. If the angle of inclination of the
hillside is 22° to the horizontal and the angle of elevation
of the sun is 52° find the height of the tree.




40. Length of a Guy Wire A communications tower is lo-
cated at the top of a steep hill, as shown. The angle of inclina-
tion of the hill is 58°. A guy wire is to be attached to the top of
the tower and to the ground, 100 m downhill from the base of
the tower. The angle « in the figure is determined to be 12°.
Find the length of cable required for the guy wire.

41, Calculating a Distance Observers at P and Q are lo-
cated on the side of a hill that is inclined 32° to the horizontal,
as shown. The observer at P determines the angle of elevation
to a hot-air balloon to be 62°. At the same instant the observer
at Q measures the angle of elevation to the balloon to be 71°.
If P is 60 m down the hill from Q, find the distance from Q to
the balloon.

42. Calculating an Angle A water tower 30 m tall is located
at the top of a hill. From a distance of 120 m down the hill, it is
observed that the angle formed between the top and base of the
tower is 8°. Find the angle of inclination of the hill.

43. Distances to Venus The elongation « of a planet is the
angle formed by the planet, earth, and sun (see the figure). It is
known that the distance from the sun to Venus is 0.723 AU (see
Exercise 65 in Section 6.2). At a certain time the elongation of
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Venus is found to be 39.4°, Find the possible distances from the
earth to Venus at that time in astronomical units (AU),

44, Soap Bubbles When two bubbles cling together in
midair, their common surface is part of a sphere whose
center D lies on the line passing throught the centers of the
bubbles (see the figure). Also, angles ACB and ACD each have
measure 60°.
(a) Show that the radius r of the common face is given by

ab
a—b
[Hint: Use the Law of Sines together with the fact that an
angle 0 and its supplement 180° — 6 have the same sine.]
(b) Find the radius of the common face if the radii of the bub-
bles are 4 cm and 3 cm.
(¢) What shape does the common face take if the two
bubbles have equal radii?

r=

/
/
c/
AT
Bﬂ‘i—-i——:— ———————— T
\
\
\
\
\
\

DISCOVERY=DISCUSSION=WRITING

45. Number of Solutions in the Ambiguous Case We
have seen that when the Law of Sines is used to solve a
triangle in the SSA case, there may be two, one, or no solu-
tion(s). Sketch triangles like those in Figure 6 to verify the cri-
teria in the table for the number of solutions if you are given
£ A and sides @ and b.

Criterion Number of solutions
a=b 1
b>a>bsinA 2
a=>bsinA 1
a<bsinA 0

If LA = 30° and b = 100, use these criteria to find the
range of values of a for which the triangle ABC has two
solutions, one solution, or no solution.
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| The Law of Cosines = Navigation: Heading and Bearing Iz The Area of a Triangle

¥ The Law of Cosines

The Law of Sines cannot be used directly to solve triangles if we know two sides and the
angle between them or if we know all three sides (these are Cases 3 and 4 of the preced-
ing section). In these two cases the Law of Cosines applies.

THE LAW OF COSINES

In any triangle ABC (see Figure 1), we have
a® = b*+ c¢? — 2bc cos A
b = a’> + ¢* = 2ac cos B

2= a*+ b= 2abcos C

A0, 0)

FIGURE 2

FIGURE 3

PROOF To prove the Law of Cosines, place triangle ABC so that /A is at the origin, as
shown in Figure 2. The coordinates of vertices B and C are (¢, 0) and (b cos A, b sin A),
respectively. (You should check that the coordinates of these points will be the same if we
draw angle A as an acute angle.) Using the Distance Formula, we get

a’>=(bcosA — ¢)* + (bsinA — 0)?
= b?cos’A — 2bccos A + ¢* + b?sin’A
= b*(cos*A + sin’A) — 2bc cos A + ¢?
=ph%*+ ¢? — 2bccos A Because sin’A 4 cos?d = |

This proves the first formula. The other two formulas are obtained in the same way by
placing each of the other vertices of the triangle at the origin and repeating the preceding
argument. , #

In words, the Law of Cosines says that the square of any side of a triangle is equal to
the sum of the squares of the other two sides, minus twice the product of those two sides
times the cosine of the included angle.

If one of the angles of a triangle, say £ C, is a right angle, then cos C = 0, and the Law
of Cosines reduces to the Pythagorean Theorem, ¢ = a* + b* Thus the Pythagorean
Theorem is a special case of the Law of Cosines.

EXAMPLE 1 | Length of a Tunnel

A tunnel is to be built through a mountain. To estimate the length of the tunnel, a surveyor
makes the measurements shown in Figure 3. Use the surveyor’s data to approximate the
length of the tunnel.

SOLUTION To approximate the length ¢ of the tunnel, we use the Law of Cosines:

c*=a*>+ b*~ 2abcos C Law of Cosines
= 388> + 2127 — 2(388)(212) cos 82.4° Substitute
=~ 173730.2367 Use a caleulator
¢ = V173730.2367 ~ 416.8 Take square roots

Thus the tunnel will be approximately 417 ft long.
“ . NOW TRY EXERCISES 3 AND 39
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